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Abstract

A simple and accurate model to describe the wide band absorption coefficient cumulative distribution function is
developed. The model, based on exact limiting formulations of the cumulative distribution function, explicitly expresses
the absorption coefficient in terms of the cumulative distribution function, simplifying the solution of the radiative
transfer equation. Parameters for the 1.38, 1.87, 2.7 and 6.3 um bands of water vapor are developed for a wide range of
pressures and temperatures from 300 to 2900 K. The parameters for the rotational band of water vapor include
temperatures from 200 to 1900 K. The results obtained with this simplified model are in good agreement with existing
narrow band and line-by-line results. The simplified cumulative distribution function model provides a wide band
absorption consisterit with alternate methods. © 1998 Elsevier Science Ltd. All rights reserved.
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wide band absorption [cm™']
nondimensional wide band absorption

line halfwidth [cmm™"]

self-broadening to foreign-gas broadening ratio
pressure broadening parameter, B = b/d
coefficient in exponential wide band formulation
line spacing [cm™]
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distribution function

cumulative distribution function

absorption coefficient [m? g~']

layer thickness [m]

empirical factor for P,

number of elements in summation

pressure [atm]

effective pressure [atm]
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line intensity divided by line spacing [m” g~']

Smin Minimum line intensity [m® g~
Smax Maximum line intensity [m? g~']
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line intensity [cm ™' g=' m?
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T temperature [K]

u mass pathlength [g m 7]

w  weight factor for Gaussian integration
W fitting function

x variable.

Greek symbols

a integrated band intensity [cm~' g~' m¥
p broadening parameter

o difference

Av wavenumber interval [em™']

k nondimensional absorption coefficient
v wavenumber [cm ']

p density [g m~?]

@ bandwidth parameter [cm™'].

Subscripts

0 band center or band head, reference band parameters
A wide band absorption

B subscript in self-broadening to foreign-gas broad-
ening ratio

B — 0 small pressure broadening parameter limit

B — oo large pressure broadening parameter limit

¢ complete model described by equations (10)

e exact

i summation parameter
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k absorption coefficient

1 lower

Lorentz Lorentz absorption line
m model

max maximum

min  minimum

nb narrow band

q quadrature

u upper

wb  wide band.

1. Introduction

The gas absorption coefficient is the fundamental prop-
erty in the solution of the radiative transfer equation.
Problems involving gray absorption and emission proper-
ties, where the absorption coefficient is constant over a
certain spectral interval, are more easily solvable than
nongray problems. Real gases are nongray and the
absorption coefficient varies substantially over narrow
spectral intervals. The integration of the equation of
transfer requires detailed information on the gas spectral
radiative characteristics. Several methods to evaluate the
absorption coefficient or the gas absorption have been
developed. Each of the methods accounts for the gas
radiative properties within a certain spectral interval. The
magnitude of this spectral interval defines the type of the
method used, as well as the accuracy and the com-
putational effort. The line-by-line method is the exact
approach of calculating the local absorption coefficient,
directly from the rotational-vibrational line structure.
The effects of each participating line at a certain spectral
location are summed, providing the magnitude of the
spectral absorption coefficient. Since within a rotational
and vibrational band there are thousands of absorption
lines, the computational effort required to calculate the
spectral absorption coefficient is substantial. Line-by-line
calculations for thermal transport applications that
require analysis of the entire spectrum must access very
large databases containing the spectral information {1,
2].

Figure 1 shows the variation of pure water vapor
absorption coefficient over the infrared spectral domain,
obtained with the line-by-line method, for a water vapor
pressure of 1 atm. The HITRAN database [1, 2] is used
for the ambient temperature results (Fig. 1(a)) and the
newly released HITEMP database [2] is used for 1000 and
1500 K, as presented in Figs. 1(b) and 1(c), respectively.
Although the absorption coefficients presented in Fig.
1 are averaged over spectral intervals of 5 cm ™', large
variations of the absorption coefficient over relatively
narrow spectral intervals can be observed. The spectral
domains where the absorption coefficient is relatively
large are termed as wide bands, and they occur due to
molecular rotational-vibrational transitions. The highly

nonuniform distribution of the absorption coefficient
leads to computationally expensive solutions of the radi-
ative transfer equation. In order to reduce the com-
putational burden of the radiative transfer equation,
several models that approximate the absorption
characteristics of the gas over different spectral intervals
have been developed. Commonly used models are the
narrow band models [3, 4] generally valid for intervals of
tens of cm™!, wide band models approximating entire
rotational-vibrational bands and total spectrum approxi-
mations.

The absorption coefficient distribution functions (k-
distribution) over a specified spectral interval can be used
to accurately solve transport problems in highly non-
homogeneous media {3, 6] and in the presence of scat-
tering particles [7]. At the present time there is no simple,
fundamentally-justified expression for the absorption
coefficient cumulative distribution function over large
spectral intervals. Marin and Buckius [7] use limiting
forms to provide a quasi-empirical, complex expression
for the absorption coefficient cumulative distribution
function based upon the exponential wide band model
applied to the Malkmus narrow band model [8]. Since
the radiative transfer equation requires the explicit values
of the absorption coefficient, the numerical inversion of
the derived expression is required with an increased com-
putational burden. Domoto [9] shows that the absorption
coefficient distribution functions can be determined from
an inverse Laplace transform of the transmissivity func-
tion and derives such expressions for several narrow band
models. Lee et al. [10] and Parthasarathy et al. [11] use
the same concept to derive reordered expressions of the
absorption coefficient for wide band spectral intervals.
The wide band cumulative distribution functions and the
reordered absorption coefficient functions use the band
parameters originally developed for the wide band
absorption to estimate the absorption coefficient dis-
tribution function, introducing further approximations
and sources of inaccuracies in the absorption coefficient
distribution.

The limitations in the existing methods indicate the
need for the development of a simple yet accurate, fun-
damentally justified methodology to determine the
absorption coefficient distribution for a wide band spec-
tral interval. Band parameters resulting directly from the
absorption coefficient distribution function are necessary
for improved accuracy. Marin and Buckius [12] develop
limiting expressions for the absorption coefficient cumu-
lative distribution function. This formulation is shown to
accurately describe the general characteristics of the most
dominant water vapor and carbon dioxide bands, for
both small and large pressure limits. Marin and Buckius
[12] show that the distribution function depends on the
superposition of the participating rotational-vibrational
bands for wide spectral intervals. The wide spectral inter-
vals are classified into single wide bands and the resulting
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Fig. 1. Absorption coefficient variation for pure water vapor with a pressure of 1 atm over the infrared spectrum, with a spectral
resolution equal to Scm™'. (a) 7= 500 K, (b) 7= 1000 K and (c) 7 = 1500 K.

model must incorporate the dominant transitions that
share the same spectral interval. It is concluded [12] that
the water vapor bands can be modeled with the single
dominant transition: within each spectral interval. This
formulation, together with additional physically-justified
approximations, is used here for the development of a
model for the absorption coefficient distribution function
for wide spectral intervals. Since the original wide band
parameters as described by Edwards [13-17] are designed
to optimize the wide band absorption, it is expected that
different parameters can better approximate the absorp-
tion coefficient distribution function. Band parameters
for the five important bands of water vapor are developed
for temperatures up to 2900 K (1900 K for the rotational
band) and a wide range of pressures. The results are
compared to both the exact line-by-line calculations [1,
2] and the narrow band results [3, 4]. The band absorp-

tion and emission produced by the simplified model are
compared with existing models.

2. Exponential wide band g(k) model
2.1. Pressure limits

This work attempts to model the absorption coefficient
distribution function over large spectral intervals, includ-
ing entire vibrational-rotational bands. In the small pres-
sure limit it is assumed that the spectral interval consists
of individual lines with different intensities and the same
pressure broadcasting parameter. The line intensity vari-
ation within a wide band is assumed to be given by the
Edwards band model [13-17]. According to this model,
the line intensity-to-spacing ratio is maximum at the band
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center or band head, and it decreases exponentially
towards the band wings.

In the small pressure limit, a narrow spectral interval
is assumed to be populated by one single line since the
interactions between neighboring lines may be neglected.
Plass [18] shows that the narrow band absorption charac-
teristics are dependent primarily on the average line inten-
sity, while the line intensity distribution of the par-
ticipating lines is of limited importance. The cumulative
distribution function of the single line model, in the small
pressure limit is approximated as [12]

sB
gBaO.Lorentz(k) =1- 7{_ (1)

where k is the absorption coefficient, B = b/d is the pres-
sure broadening parameter, described as a ratio between
the line halfwidth 4 and the line spacing d, and s = S/d is
the ratio between the line intensity S and the line spacing.

Equation (1) is used together with the exponential wide
band model [13-17] to calculate the cumulative distri-
bution function of the absorption coefficient for the entire
wide band [12] as

1 min(kA.\'maxB) 1 X
Gs-om(k) = In(R) L‘“B . (1 -~ %) dx 2)

where s, is the minimum line intensity-to-spacing ratio
in the wide band, and R = s,,,,/s., represents the ratio
between the maximum and the minimum line intensity-
to-spacing ratios, which can also be expressed as
R = exp(Av/w), where Av is the spectral interval of the
band and w is the bandwidth parameter. The maximum
line intensity-to-spacing ratio is calculated as s, = ¢/w,
where o is the integrated band intensity. The inverse
function in the integral results from the exponential band
model line intensity distribution function [12]. Equation
(2) can be integrated to yield a closed form solution for
g(k) as

-0

for k < s, B

1 k Senin B
n(R) [m <smm3>_2+2 k }

Iaom(k) = <

for s, B < k < sma,‘B.
2 P
= R—- 1 min
! ln(R)(‘/— ) k
. for k > $,.. B

(3a,b,c)

The expressions in equations (3) accurately describe
the wide band mode! for small values of the pressure
broadening parameter. The cumulative distribution func-
tion expressed by equations (3) is in good agreement
with existing models in this limit [7]. A limitation of the

formulation in equation (3b) is that it cannot be inverted
analytically to yield an expression for the absorption
coefficient. It is noted that the exponential band model
as developed by Edwards [13-17] assumes that the band
is infinite, therefore s, goes to zero (R — oc). It is also
noted that the square root term in equation (3b) is impor-
tant for small values of &k, while as k increases, the first
two terms dominate. These observations and the desire
for a g(k) expression with an analytical invertable func-
tion suggest the truncation of the equation (3b) after
the first two terms, such that the simplified cumulative
distribution function becomes

0

: 1 k 2
In(R) [(‘3)— ]

for €25, B < k < Spue B

I 2\/§ Senin B
T IRk

~ for s,..B < k

fork < e?spnB

Garomn(k) = <

(4a,b,c)

Note that the regions of application for equations (4a)
and (4b) incorporate a factor of ¢* to satisfy the limits in
g(k), and equation (4c) is modified from equation (3¢)
such that the cumulative distribution function remains
continuous for the entire interval, and differentiable for
k = SpaxB.

Figure 2 shows the difference between the cumulative
distribution function as determined with equations (3)
and (4), for several values of the ratio R, for a value of
the pressure broadening parameter B = 107*, The largest
differences between the formulations occur for small
values of R. For large values of R, the differences between
the two expressions occur primarily for small values of
the cumulative distribution function, g(k) < 0.2 for
R = 10° with a direct impact on band absorption for
large values of the optical path. Secondly, for several
important bands, the actual phenomena for small values
of the absorption coefficient within the band are more
complex and are only approximated by this model [12].
Itis noted that equations (4b) and (4¢) can be analytically
inverted, leading to simple, explicit expressions for the
absorption coefficient.

In the large pressure limit, the narrow band models
developed by Elsasser [19], Goody [20] and Malkmus [8]
lead to the same result in the pressure broadened limit
for the cumulative distribution function, namely

0 fork <s

—,n k = S’b
Ia-zan(k) {1.0 fork = s (5a,b)

where s is the mean line intensity-to-spacing ratio within
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Fig. 2. Absorption coefficient cumulative distribution function for the low pressure model for B = 107*, as predicted by the equations
(3) (plain lines) and by equations (4) (bold lines), and for the high pressure model as predicted by equations (6) (extra bold lines), for

different values of R.

the band. Equations (5) and the exponential wide band
model lead to an expression of the coefficient cumulative
distribution function of the form

0 for k < Spin
In <_"€_>
snin
50w (K) In(R) for Spin < K < Spax
1.0 for 5.« <k

(6a,b,c)

It is noted that the e¢xpressions in equations (6) can be
analytically inverted. Figure 2 shows the absorption
coefficient cumulative distribution function in the large
pressure limit, for different values of the ratio R. It is
noted that the cumulative distribution function is a
straight line in semi-log coordinates.

2.2. Wide band cumulative distribution function
A general model is sought for the absorption coefficient

cumulative distribution function for wide band intervals
for all pressures. First, the derivation considers the model

described by equations (3) and (6), followed by its appli-
cation to the simplified approach in equation (4). The
model should be continuous and exact in the limits of
small and large B as prescribed by equations (3) and (6),
as well as accurate for intermediate values of the pressure
broadening parameter. The analysis of equations (3) and
(6) shows that, while for small values of B the distribution
function depends upon the ratio k/(sy;, B), in the pressure
broadening limit it only depends on k/s,,;,,. This suggests
the replacement of these two expressions with the non-
dimensional variable

k

smin(l —e B)

which satisfies both limits. A second observation is
related to the logarithmic expressions in equations (3b)
and (6b). In the pressure broadening limit the cumulative
distribution function is represented by only a logarithmic
expression in equation (6b). At the opposite limit defined
by small values of B, two additional terms follow the
logarithmic variation of the cumulative distribution func-
tion in equation (3b). This suggests the multiplication
of the additional terms in equation (3b) by e~#*, thus,

K=
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satisfying both limits. From continuity requirements, the
same factor has to be applied to the square root term in
equation (3¢), such that equations (3) and (6) can be
combined to yield

[0

fork <1

— B4 L
(R [ln(;{) 2e (1—\/;>j|

Gun(K) = 4 .
° for | <k <R

B4

1 i R \[

for R <k

(7a,b,c)

Finally, a fitting function W(B, R) is introduced for
intermediate values of B. Equation (1) shows that, in the
limit as B — 0, the absorption coeflicient is defined for the
interval (sB, c0). As the pressure broadening parameter
increases, this limiting approximation becomes less accu-
rate, overpredicting the absorption coefficient and lead-
ing to errors in the cumulative distribution function,
specifically in the neighborhood of g(k) = 1.0. To elim-
inate this overprediction of the absorption coefficient, a
scaling based upon a maximum value for the absorption
coefficient is sought. The Elsasser narrow band model
[19] provides an analytical approximation for the spectral
variation of the absorption coefficient within a narrow
band. Using the maximum value provided by this for-
mulation, the model in equations (7) uses the limiting
absorption coefficient within the wide band of

sinh(2nB)

K = Sy —oHETE)
max = Smax cosh(2nB) —1

(8a)
and, in terms of the nondimensional variable x, this

becomes

R sinh(2nB)
(1—e~#)cosh2nB)—1"

(8b)

Kmax =

Noting that the cumulative distribution function is
Gwn(k) = 1.0 for k = k.., and substituting equation (8b)
into the g, (k) for large x suggests the functional depen-
dence of

2e%* /R /(1 —e #)[cosh(2nB) —1]
In(R) f sinh(27 B) '

This dependence is zero in the limits of B going to zero
and infinity and finite for intermediate values of B. This
function is inversely proportional to In(R) which implies
that, in the limit R — oo, this function is equal to zero.
Since for most practical applications the ratio R is rela-

tively large so the term (\/E— l)/\/TQ =~ 1.0, the fitting
function W(B, R) is defined as

2e=%* [(1—e B)[cosh(2nB)—1]

W(B.R) = In(R) sinh(2nB)

©)

The resulting formulation of the absorption coefficient
cumulative distribution function from equations (3) and
(6) is

gwb(’c) =
(0
fork <1
W(B,R)e 1+ — 50 |:ln(;c)—2€””4 (1— 1
. In(R) \/Z
J fori <k <R
! 2e~ B4 1
1+ W(B,Re o ip— i ((/R=1)—=
In(R) NG
for R < Kk < Ky
1.0
L for Ky, < K

(10a,b,c,d)

where the exponential function that multiplies W(B, R)
is introduced to ensure the convergence of the cumulative
distribution function to zero for small values of the
absorption coefficient, as well as the function continuity.

The expressions in equations (10) have the incon-
venience of not being invertable, therefore the absorption
coeflicient cannot be explicitly defined. In order to obtain
explicit expressions for the wide band absorption
coeflicient distribution, the same development as above
is performed for the simplified expressions in equations
(4) and (6). In this case, the cumulative distribution func-
tion yields

-0
for K < g% "1 WBRInR)
1
W(B, R 2o~ Bi4
(BR+ 1 o @ [In(ic) — 2¢~ ]
for e2¢ ™ ~WBRIRB 4 < B
gwb(K) = 4
2e %% R
1+ W(B, R — —— | =
+ W(B, R) in(R)
for R < K < Kpax
1.0
} for Knax < K

(11a,b,c,d)



O. Marin, R.O. Buckius/Int. J. Heat Transfer 41 (1998) 28772892 2883

and after performing the analytical inversion, the non-
dimensional absorption coefficient results as

(" eWun®)— W(B,R)]In(R)+2¢~ 5%

for 0 < gy(x) < 1+ W(B,R)— lnER/)
=4 -7
TR [[1 + W(B. R)—gun ()] ;HEI:)J
s

—Bj4

2
for 1-- W(B, R) — =%

<
§ R < Gun(¥) < 1.0

(12a,b)

Itis noted thatin equations (11) and (12), the exponential
function multiplying the function W(B, R) in equations
(10) is not necessary due to the monotonicity of equations
(4), as opposed to equation (3). Also, the function
W(B, R) in equation (9), which results as an approxi-
mation from equations (3), is exact when calculated from
equations (4). Equations (10) and (12) represent the pro-
posed model for the absorption coefficient distribution
for wide spectral intervals. The differences between the
more complete model in equations (10) and the simplified
model in equations (12) occur for relatively small values
of the absorption coefficient. For short optical paths,

1
Plain lines - Egs. (10)
Bold lines - Egs. (11)
0.8
R=10°
0.6
2 I
[=1)]
0.4
0.2
0
10" 10°® 10°°

small absorption coefficients yield very small optical
depths so the transmissivity approaches unity and the
absorptivity approaches zero. As the optical path
increases, even small values of the absorption coefficient
are important to radiative transport and equations (10)
are more appropriate. Figure 2 also shows that, as the
ratio between the maximum and minimum line intensity-
to-spacing ratio decreases, the differences between the
complete and approximate formulations increase.

It is concluded that the model expressed by equations
(10)—(12) is exact in the limits of small and large values
of the pressure broadening parameter and accurate for
intermediate values of B. Figure 3 shows the variation of
the absorption coefficient cumulative distribution func-
tion for a wide range of pressure broadening parameters
B, for a fixed value R = 10°, as described by equations
(10) and (12). The plain lines show the results obtained
with the complete model as presented in equations (10),
while the bold lines are obtained with equations (12). The
simplified model predicts somewhat larger values of the
absorption coefficient for the low values of the cumulative
distribution function. The application of these models to
water vapor shows that although the complete for-
mulation improves the overall accuracy of the model, the
simplified model is in good agreement with the exact
calculations. Figure 3 also shows that for the simplified

nB=0.001

10 102 10° 10?

Fig. 3. Absorption coefficient cumulative distribution function as resulted from equations (10)—plain lines, and from equations (11)
and (12)—bold lines, for.different values of the pressure broadening parameter.
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model as described by equations (12}, the variation is
linear in semi-log coordinates for small values of the
absorption coefficient and asymptotes to g(k) = 1 as the
absorption coefficient increases. The asymptotic region
determined by equation (12b) diminishes as the pressure
broadening parameter B increases. The accuracy of the
proposed model when applied to actual bands is dis-
cussed below.

3. Band parameters for H,O

This work is directed towards the derivation of
improved cumulative distribution function band par-
ameters for the rotational-vibrational bands of water
vapor. The availability of reliable line-by-line spectral
data for ambient temperatures and up to 1500 K [1, 2}
permits the determination of accurate band parameters
only for this temperature range. Many engineering appli-
cations require accurate calculations for a wider range of
temperatures, for which line-by-line data is not readily
available. For such temperatures, recent developments
[3] using accurate band models may be accessed. This
work uses the band parameters as developed by Soufiani
and Taine [3] for the Malkmus narrow band model. Wide
band parameters are then generated to minimize the
differences between the wide band absorption coefficient
cumulative distribution functions obtained with the nar-
row band results and the proposed model. The spectral
lower limit v,, upper limit v, and the spectral interval
Av = v,—v, are set for each band and maintained for all
pressures and temperatures. The band spectral limits are
presented in Table 1. This procedure is different from the
original formulation of the wide band model [13-17],
where the band limits are not specifically required. The
original wide band model calculates the wide band

Table 1
The water vapor band parameters for use in equations (12)

absorption, which for a given pathlength becomes inde-
pendent of the band spectral magnitude. The proposed
model attempts to determine specific values of the absorp-
tion coefficient within the band, and is dependent upon
the spectral interval considered. As the spectral interval
widens, the corresponding distribution function shifts
towards smaller values of the absorption coefficient.

The cumulative distribution functions for tem-
peratures between 300 and 2900 K are calculated for the
1.38, 1.87, 2.7 and 6.3 um bands, and between 300 and
1900 K for the rotational band, for all increments of
200 K. It is noted that for elevated temperatures, the
rotational band contribution to the thermal energy trans-
port is negligible. The total pressure and the partial
pressure of water vapor are equal, and they vary between
0.01 and 10.0 atm in powers of 10. For each distinct
cumulative distribution function, 32 values of the absorp-
tion coefficient corresponding to the Gaussian quad-
rature locations are obtained. The root mean square
(RMS,) of the differences defined as

ke—kn
-

is minimized, where k, is the exact absorption coefficient
from the line-by-line or narrow band model calculations
[2, 3], and k., is the absorption coefficient from the pro-
posed simplified model [equations (12)] for the same tem-
peratures, pressures and cumulative distribution function
values. The band parameters describing the band inten-
sity o [13, equation (78)], the bandwidth parameter w
[13, equation (95)] and the broadening parameter f [13,
equation (99)] are adjusted to accurately describe the
absorption coefficient cumulative distribution function.
It is noted that the broadening parameter f is used to
calculate the pressure broadening parameter B = §P,,
where P, is the effective pressure [13, equation (58)]. Note

O

(13)

Band ¥ Vy o’ Wy’
[um] [em™'] [em™ Transition [em~' g~' m? Bo*® [em™']
1.38 6000 8000 1,0,1 2.17 0.1180 78.0
1.87 4400 6000 0,1,1 2.64 0.0850 70.6
2.7 2600 4400 0,2,0 0.19¢ 0.0360¢ 83.0
1,0,0 2.30°
0,0,1 23.3¢
6.3 1000 2600 0,1,0 39.6 0.0566 72.8
Rotational 150 1000 0,0,0 420.0° 0.1140 37.0

*Use with temperature and pressure dependencies in ref. 13.

°For all bands, by = 8.6,/ T/Ty+0.5and n = | in P, with T, = 100 K and P, = 1 atm.

c _ 3
Ay = Z,:l -

o
a0 = (U ) (T V7).

¢Use equation (14) for temperature dependence.



O. Marin, R.O. Buckius/Int. J. Heat Transfer 41 (1998) 2877-2892 2885
10°® 10°¢ 10* 102 10° 10°® 10° 10 10 10°
MRk LA IR LA SRR IR SRR IERLALLL BEMRALLL, SR ALLL BELLELLL BELALALLL, IR AL BELALALLL S LALLL SRLELALLL INRLEALL BN AL
1 .
C O T=50K T b) T=1000K !
08 | - 1 038
0.6 | E— j 0.6
° ' 1
o4l s j 0.4
/ s —— wide band model r ]
02 -/ "2 narrow band model r —4 0.2
/f’ /’ ——— line-by-line i
o & - 4 0
PRI BT W ETIT ERRTT NI EERTTTT S Wt MWt MR TIIT MRS I AEETrT BERTTTT BRI W EEETTT EERTTT TR AT
1 | === p_(01 atm 1 1
N [ === === P=(),] atm
0.8 l’_ ﬁ = == = = P=1.0 atm 4 0.8
0.6 [ n 1 06
B r r 1
04 [ _ 4 04
o2 L OT=1500K [ d)T=2500K 1 02
: //3' - ﬁl ]
0o F 11 L J 0
TETTTT W ETIT MR RTITT R REITT GEWETTT BT BT EETrTT BRI BRI BN T AT RENETT BT ARy BN AU AT
10°® 106 10 102 10° 10t 10°® 10°* 102 10°
k [m%/g] k m¥g]

Fig. 4. Absorption coefficient cumulative distribution function for the 1.38 um band of water vapor, for (2) 7 = 500 K, (b) T = 1000
K, (¢) T= 1500 K and (d) T = 2500 K, for different pressures. The plain lines represent the narrow band model results [3, 4], the bold
lines represent the simplified wide band model as described by equations (12) and the marked lines in (a) represent the line-by-line

results [2].

that Edwards [13] uses a pressure broadening parameter
7 times larger than the pressure broadening parameter B
used here.

Figures 4-8 present the cumulative distribution func-
tions for the investigated bands, using the benchmark
distributions together with the proposed model expressed
by equations (12) with the parameters in Table 1. Figures
4-7 present the results obtained for the 1.38, 1.87, 2.7
and 6.3 um band, respectively, for temperatures between
500 and 2500 K, using the equations (12) and the narrow
band model results for the same pressure range noted
above. Additionally, Figs. 4(a)-7(a) show the absorption
coefficient cumulative distribution functions obtained
with the line-by-line database [2]. The line-by-line results
are in good agreement with the narrow band results,
supporting the use of these results in Figs. 4-7 and in
model development. It is noted that the proposed model
is in good agreement with the narrow band model and
the exact calculations for large domains of the cumulative
distribution functions. Differences occur for small values
of the absorption coefficient, and some differences can be
observed for large pressures, indicating the limitations of
the exponential wide band model. The band absorptivity
study presented below shows that the small values of the

absorption coefficient often have a minor influence on
the typical heat transfer characteristics. Figure 8 shows
the absorption coefficient cumulative distribution func-
tions of the rotational band, for temperatures of 500,
1000, 1500 and 1900 K and for pressures of 0.01-10 atm.
Figure 8(a) compares the proposed model (wide band
model) with the line-by-line results [1, 2] for a tem-
perature of 500 K. Figures 8(b)-(d) show the proposed
model together with the narrow band model, as predicted
by Soufiani and Taine [3, 4], for temperatures of 1000,
1500 and 1900 K, respectively. Although the overall vari-
ation of the rotational band cumulative distribution func-
tion is generally accurate, differences between the
methods occur as indicated by the magnitude of the root
mean square error discussed below, primarily for elevated
temperatures. The proposed band parameters for the
rotational band can be used for temperatures higher than
1900 K, with increased differences when compared to
benchmark calculations.

The results presented in Figs. 4-8 use the new band
parameters o, f§, and w, presented in Table 1 and the
simplified model presented in equations (12). It is noted
that there are three interacting transitions for the 2.7 um
band which are combined according to the prescriptions
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Fig. 5. Absorption coefficient cumulative distribution function for the 1.87 um band of water vapor, for (a) T = 500 K, (b) T = 1000
K, (¢) T = 1500 K and (d) 7" = 2500 K, for different pressures. The plain lines represent the narrow band model results [3, 4], the bold
lines represent the simplified wide band model as described by equations (12) and the marked lines in (a) represent the line-by-line

results [2].

of Edwards [13-17]. The new band parameters were
determined by minimizing the root mean square error of
the cumulative distribution functions for the wide inter-
vals of temperature and pressure noted above. The RMS,
is calculated using absorption coefficients corresponding
to g(k) greater than 0.2. This procedure is justifiable by
noting that, for g(k) < 0.2 there correspond relatively
small values of the absorption coefficient which are of
less importance for many engineering applications. In
addition, the small absorption coefficient region of the
cumulative distribution function originates primarily in
the band wings, which are not exhaustively studied to
date, particularly for high temperatures. For example,
Hartmann et al. [21] perform calculations and measure-
ments in the band wings of the 2.7 and 6.3 yum H,O
bands up to 900 K, showing that the errors in existing
calculations are mostly due to inaccuracies in the theor-
etical models. Comparisons between different widely used
methods such as line-by-line and narrow band models
show significant differences in the absorption coefficient
magnitudes in the band wings for various conditions,
primarily for small pressures of the absorbing gas.

The temperature variation of the parameter o as pro-

posed by Edwards [13, 14] is preserved for the 1.38,
1.87, 2.7 and 6.3 um bands. For the rotational band the
optimized variation of the band intensity parameter is
found to be

a(T) = oo exp(—3./100/T) (14)

where 7 [K] is the gas temperature. It is noted that
Edwards proposes a factor of five multiplying the square
root term in equation (14), while Modak [22] proposes a
factor of nine. The optimized parameters «, are presented
in Table | for all bands, together with equation (14) for
the rotational band. The bandwidth parameter tem-
perature variation as proposed by Edwards is preserved
in the optimization process with the new values of w,
presented in Table 1 for all bands. The temperature vari-
ation of f as proposed by Edwards [13, 14] is also
preserved, and the optimized values of f§, are presented
in Table 1. The results show that the band parameters are
generally of the same order of magnitude as the original
parameters presented by Edwards. The only notable
difference is in the parameter o, for the rotational band
which is two orders of magnitude smaller than the orig-
inal value prescribed by Edwards, primarily due to the
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Fig. 6. Absorption coefficient cumulative distribution function for the 2.7 um band of water vapor, for (a) T = 500 K, (b) T = 1000
K, (c) T= 1500 K and (d) T = 2500 K, for different pressures. The plain lines represent the narrow band model results [3, 4], the bold
lines represent the simplified wide band model as described by equations (12) and the marked lines in (a) represent the line-by-line

results [2].

new formulation of the line intensity parameter in equa-
tion (14).

Table 2 shows the root mean square error (RMS,)
obtained with the simplified model in equations (12),
together with the root mean square error (RMS;,)
obtained for the more complete model in equations (10).
The values presented in Table 2 are obtained using
absorption coefficients corresponding to cumulative dis-
tribution functions ¢(k) > 0.2. Table 2 shows that the
rotational band model introduces more significant errors
than the other bands. Similar error characteristics are
mentioned by Edwards [13-17] and Modak [22]. It is also
noted that the errors introduced by the relatively weak
bands centered at 1.38 and 1.87 ym are somewhat larger
than the stronger bands centered at 2.7 and 6.3 um. The
magnitudes of the root mean square error for all bands
based upon g(k) > 0.2 show that the wide band model
accurately describes the absorption coefficient dis-
tribution function. Note that the errors based upon all
values of g(k) (i.e., 0 < g(k) < 1.0) will be significantly
higher, mainly due to more substantial differences in the
small regions of the distribution functions. The more
complete model expressed by equations (10) is also com-

pared to the benchmark calculations using the same band
parameters, with relatively small RMS; differences from
the results given by equations (12). It is noted that the
model described by equations (10) differs from the model
in equations (12) for small values of the cumulative dis-
tribution function. This implies that the differences in the
absorptivity calculated with the two models will occur at
large optical paths. Finally, the results presented in Table
2 indicate that the fitting function W(B, R) is useful in
describing the k-distribution function for intermediate
values of the pressure broadening parameter B.

4. Wide band absorption comparisons

The different band models are often used to calculate
the gas absorption over specified spectral intervals. The
wide band absorption 4 quantifies the wide band absorp-
tivity and is defined as
A= J (1—e * ) dy (15)

Av

where Av is the wide band spectral interval and u is the
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Fig. 7. Absorption coefficient cumulative distribution function for the 6.3 um band of water vapor, for (a) 7T = 500 K, (b) 7 = 1000
K, (c) T= 1500 K and (d) 7T = 2500 K, for different pressures. The plain lines represent the narrow band model results [3, 4], the bold
lines represent the simplified wide band model as described by equations (12) and the marked lines in (a) represent the line-by-line

results [2].

mass pathlength, u = pL, defined as the product between
the absorbing gas density p and the optical length L. The
integral over the spectral interval Av can be replaced with
an integral over the absorption coefficient cumulative
distribution function as

i

4% = Ao = &J (1—e=) gy (16)
[42)

[

and can be calculated
Av Y L
AF == T (e, 17
i=]

where N is the number of quadratures in the summation,
w; are the weights and k; are the correspondent absorption
coefficients.

The model and the band parameters developed above
for the water vapor bands [equations (10) and (12) with
Table 1] are used to calculate the band absorption. The
number of quadratures N, = 32 is used for the following
calculations. It is noted that as B increases, the number
of quadratures can be decreased. A reduced number of
quadratures can be used for small pressures using differ-

ent integration schemes [3]. The mean root square error
RMS, is defined as
A*— A*

b= (18)
and is calculated for each band, for particular values of
temperature, pressure and optical length. 4% values are
calculated using equations (12) or equations (10) together
with the band parameters in Table 1, and 4% values are
obtained from line-by-line or narrow band model cal-
culations.

Table 2 shows the root mean square error for the wide
band absorption RMS,, for temperatures in the ranges
300-2900 K for the rotational-vibrational bands and
300-1900 K for the rotational band. The pressures
include 0.01-10 atm. For each set of temperatures and
pressures, the wide band absorption as expressed in equa-
tion (17) is calculated for a wide range of geometric paths,
between 1072 and 10° meters. The RMS , error values are
less than 14% for the weaker bands, the 1.38 and 1.87
um bands, approximately 12% for the 2.7 and the 6.3 um
bands and 16% for the rotational band. It is noted that
the RMS, results obtained with equations (12) and with
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Fig. 8. Absorption coefficient cumulative distribution function for the

rotational band of water vapor, for (a) T = 500 K, (b) 7" = 1000

K, (¢) T= 1500 K and (d) T = 1900 K, for different pressures. The plain lines represent the narrow band model results {3, 4], the bold
lines represent the simplified wide band model as described by equations (12) and the marked lines in (a) represent the line-by-line

results [2].

Table 2

Root mean square error for the absorption coefficient for
g(k) > 0.2 and the wide band absorption for temperatures
between 300 and 2900 K (1900 K for the rotational band), and
pressures between 0.01 and 10 atm

Band RMS, RMS,, RMS, RMS,,
[um] %l [%] [%] (%]
1.38 ym 41.6 326 14.2 15.5
1.87 45.1 37.8 13.1 14.0
2.7 26.4 23.0 125 14.6
6.3 272 24.1 12.5 12.3
Rotational 49.7 46.5 16.1 16.5

equations (10) are similar, suggesting the relatively small
importance of the small values of the absorption
coefficient within the distribution to the wide band
absorption, even for relatively large values of the optical
path. The results obtained with the line-by-line cal-
culations [1, 2] for temperatures up to 1000 K provide
essentially the same values with the results obtained with

the narrow band database [3, 4]. The results reported in
Table 2 use the narrow band model database, in order to
obtain the desired temperature range.

Table 3 (top four rows) shows the average difference
3, between the wide band absorption obtained using the
narrow band model and the simplified model in equation
(12) for individual temperatures, for the entire pressure
range, and the indicated geometric path range. Two
different path ranges have been selected, 107°-10° meters
and 107'-10° meters, respectively. This choice of
pathlengths is used to indicate the larger errors that occur
for very small values of the optical length. This phenom-
enon, experienced by numerous other researchers ([5, 7,
10]), does not have a significant impact on the solution
of the radiative transfer equation due to the small values
of absorption. Table 3 shows that the errors between
10~'-10° meters are generally less than 9% for the 1.38,
1.87, 2.7 and 6.3 um bands for the entire temperature
range considered and for the rotational band at low tem-
peratures. The errors are larger for the rotational band at
high temperatures. The errors occurring for the interval
1073-10° meters are relatively higher, but not higher than
10% for the 2.7 and 6.3 um bands and 16% for the other
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Table 3
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Average difference of the wide band absorption for the five water vapor bands [equations (12)] for the indicated temperatures and
range of pathlengths, and for pressures in the range 0.01-10.0 atm (rows 1-4), and average difference for the same bands for the
indicated pressures and range of pathlengths, and for temperatures in the range 300-2900 K for the 1.38, 1.87, 2.7 and 6.3 micron

bands, and 300-1900 K for the rotational band (rows 5-8)

5/{ 1.38 um band 5‘4 1.87 ym band SA 2.7 ym band 5.4 6.3 pm band (;A rotational band

[%] (%] (%] [%] [%]
T [K] 107-10° 107-10°  107*+10* 107'-10°  107*-10* 107'-10°  107*10° 107'-10*  107*10° 107'-10°
Platm]  [m] [m] (m] [m] {m] [m] [m] (m] [ra] [m]
T=500 107 8.2 10.0 7.7 9.0 8.3 9.2 7.5 3.1 5.9
T=1000 123 10.1 12.0 9.8 10.4 8.8 9.7 7.7 8.2 9.0
T=150 114 9.6 115 9.4 10.7 8.6 9.6 6.6 16.0 153
7=2500 107 8.8 8.9 7.6 9.6 6.6 9.1 6.7 na na
P=001 170 139 18.1 14.1 14.8 134 17.6 13.1 23.1 19.9
P=01 8.4 6.8 7.7 6.5 8.6 7.3 10.7 7.8 135 14.2
P=10 116 9.4 9.4 7.8 9.6 6.9 5.7 44 4.4 6.1
P=100 77 6.7 6.2 5.8 6.4 338 34 2.6 1.0 4.6

bands. The 6.3 um band generally yields slightly smaller
errors when compared to the 2.7 ym band. This behavior
may be attributed to the different superposition of the
dominant vibrational transitions within the wide band.
While the 6.3 pum band has one single dominant
vibrational transition, the 2.7 um band is dominated by
three interacting vibrational transitions on the spectral
interval considered (described in Table 1).

Table 3 (bottom four rows) presents the error 3, for
several pressures, averaged over temperatures up to 2900
K for the rotational-vibrational bands and 1900 K for the
rotational band, and the same range of the pathlengths as
noted above. It can be observed that for a pressure of
0.01 atm, the average difference for the path interval of
1073-10° meters is less than 23%, and the difference rap-
idly decreases as the pressure increases to below 10%.
For the path interval of 10~'-10° meters and pressures
larger than 0.1 atm, the errors are generally below 7%
for all bands, excluding the rotational band. It is noted
that the wide band absorption errors are of the same
order of magnitude with the values reported by Edwards
[13]. It is concluded that the simplified model accurately
predicts the band absorptivity over large ranges of tem-
peratures, pressures and optical paths, and the largest
errors occur for regions where the wide band absorption
is small.

The wide band absorption obtained with the simplified
model is compared to results obtained with existing
methods. Equation (17) is used to calculate the wide band
absorption 4* for different values of B and a wide range
of mass optical paths. The values k; are provided by the
proposed model described by equations (12) in the limit
of R —oo (used In(R) = 10.0). Figure 9 shows the vari-
ation of the wide band absorption for a wide range of

optical paths and pressure broadening parameters nB.
The curves have been obtained by using the wide band
absorption as developed by Wang [23] for the exponential
model applied to the Malkmus narrow band model, the
Felske and Tien [24] model obtained from the exponen-
tial wide band model applied to the Goody narrow band
model, the wide band absorption proposed by Edwards
[13], and the present model [equations (12)]. The largest
differences between the proposed model and Felske and
Tien results are 15%, for #B = 0.01 and small values of
the optical path, while the mean difference is less than
3% for the cases considered. The results obtained with
the present model for intermediate values of the mass
optical path are generally larger than the models of
Wang, and Felske and Tien, but smaller than the values
predicted by Edwards. This observation is in agreement
with the results obtained for narrow band models in
that the single line narrow band model predicts a higher
absorptivity than the multi-line models for intermediate
pathlengths. The results presented in Fig. 9 provide
additional support for the approximations introduced for
intermediate values of the pressure broadening parameter
B by the function W(B, R).

Finally, a comparison between the absorptivities
obtained with the simplified model and the wide band
model developed by Edwards is performed for specific
water vapor bands (i.e., R finite), for pathlengths between
107* and 10° meters. Such a comparison indicates the
differences in the Edwards model and this model based
upon the more recent databases [1-4]. An average RMS
over the 1.38, 1.87, 2.7 and 6.3 um bands shows that,
while the simplified model [equations (12)] introduces an
average of 13.1% difference, the Edwards model yields
an average difference of 20.7%. When the RMS,, differ-



0. Marin, R.O. Buckius/Int. J. Heat Transfer 41 (1998) 2877-2892

2891

0! T — Ty — T — T
T — —— Wang
I Felske & Tien
i Edwards
. Present Model
10° F .
< 10" F nB=100
i nB=0.1 ]
nB=0.01
10 E
7B=0.001 3
10.3 1 L gl N il " v el y o aaaal ) W T
10? 10! 10° 10! 10 10°

max

Fig. 9. Wide band absorption 4* as resulted from Wang [23], Felske and Tien [24], Edwards [13] and the simplified wide band model
in equations (12), for different values of B and different optical paths.

ence is calculated for all water vapor bands (rotational
band included), the values are 13.7% for the simplified
model and 35.7% for the Edwards model. These differ-
ences result from the use of different benchmarks and
also from the way the band spectral limits are set. The
wide band g(k) formulation specifies the band spectral
limits and thus the different bands remain distinct in all
cases, while in the original formulation [13-17] the bands
have variable spectral intervals, which eventually overlap
for large values of the pathlength.

5. Conclusions

This work develops a model for the absorption
coefficient cumulative distribution function for large
spectral intervals, corresponding to entire rotational-
vibrational bands. The model is exact in the pressure
broadening limit and is based on a single absorption
line formulation in the small pressure limit. The model,
together with an approximate function for intermediate
pressures, provides a continuous formulation for the
absorption coefficient cumulative distribution function.
A simplified model is developed to explicitly calculate the

absorption coefficient as a function of the cumulative
distribution function [equations (12)]. An alternate
expression of the cumulative distribution function as a
function of the absorption coeflicient is also proposed to
improve the accuracy for small values of the absorption
coefficient [equations (10)]. Although equations (10)
reduce the overall error compared to equations (12), the
relatively small differences in the absorption coefficient
root mean square error between these models (Table 2)
suggest the use of the simplified, invertable model in
equations (12). It is noted that the largest errors intro-
duced by the model when compared to the benchmark
results occur for small absorption coefficients within the
band, originating predominantly from the band wings,
where improvements in the theoretical models are
required [21].

The proposed model is applied to water vapor. Band
parameters for the rotational-vibrational bands are
developed. This work adjusts the wide band parameters
oo, Bo and , for use in the absorption coefficient cumu-
lative distribution function in equation (12), while pre-
serving the variation of the band parameters with respect
to pressure and temperature as prescribed by Edwards
[13, 14]. The model introduces spectral boundaries for
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the water vapor bands that are maintained constant for
all conditions. This assumption permits the deter-
mination of the effective absorption coefficient dis-
tribution functions that are important for calculations of
general radiative transport. The proposed parameters are
determined by minimizing the root mean square error
between the mode! and the benchmark absorption
coefficient cumulative distribution function of a side
range of pressures and temperatures. The results show
that the model accurately predicts the absorption
coefficient cumulative distribution function.

The wide band absorption calculated with the pro-
posed model is compared to existing results, with good
agreement for a wide range of the pressure broadening
parameter and mass optical path. The wide band absorp-
tion is also calculated using the simplified model and the
recommended band parameters, and compared to line-
by-line calculations for the water vapor bands. The
results show the model accurately calculates the band
absorption. Larger errors occur for very small optical
paths, where the band absorption is very small. As the
geometric path increases, the band absorption results are
very good.

The simplified model together with the recommended
band parameters can be used for accurate transport cal-
culations over large spectral intervals for water vapor in
both homogeneous and nonhomogeneous media. Such
an absorption coeflicient model is needed in problems
where scattering is important. The explicit expressions
of the absorption coefficient reduce the computational
burden in the solution of the radiative transfer equation.
Future work will be required to improve the model par-
ameters with alternative variations of the band par-
ameters with pressure and temperature.
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